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Abstract. We investigate the action of the Weil group on the com- 
pactly supported ^-adic etale cohomology groups of rigid spaces over a 
local field. We prove that the alternating sum of the traces of the ac- 
tion is an integer and is independent of i when either the rigid space is 
smooth or the characteristic of the base field is equal to 0. We modify 
the argument of T. Saito ( |SaTj ) to prove a result on ^-independence for 
nearby cycle cohomology, which leads to our ^-independence result for 
smooth rigid spaces. In the general case, we use the finiteness theorem 
of R. Huber f |Hu3j ). which requires the restriction on the characteristic 
of the base field. 



1. Introduction 

Let K he a. complete discrete valuation field with finite residue field Fg and K a separable 
closure of K. We denote by Fr^ the geometric Frobenius element (the inverse of the gth power 
map) in Gal(Fg/Fg). The Weil group Wk of K is defined as the inverse image of the subgroup 
(Fig) C Gal(Fg/Fg) by the canonical map Ga\(K / K) — ^ Gal(Fg/Fg). For a e Wk, let n(a) be 
the integer such that the image of a in GaKF^/F,) is Fr^^''^ Put = {a eWK\ n{a) > 0}. 

Let X be a separated rigid space over K. We consider the action of Wk on the compactly 
supported £-adic cohomology group HliX ®k K, Qi), where £ is a prime number which does 
not divide q. This cohomology group us defined by using the etale site of X (c/. |Hu2j . |Hu4j ). 
Our main theorem is the following: 

Theorem 1.1 (Theorem 17.1.61 Theorem 17. 2. 3|) 

Let X be a quasi-compact separated rigid space over K. Assume one of the following 
conditions: 

• The rigid space X is smooth over K. 

• The characteristic of K is equal to 0. 
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Then for every a G Wj^, the number 

2dimX 

is an integer which is independent of i. 

Note that if*(X®/^ K, Qg) is known to be a finite-dimensional Q^- vector space when one of 
the above conditions is satisfied (|Hu2i Proposition 6.1.1, Proposition 6.2.1], jHu3t Corollary 
2.3], [H^ Theorem 3.1]). In the previous paper, under the same assumption, the author 
proved that every eigenvalue of the action of a G on Hl{X ®k K, Qi) is a Weil number 
( [Ml Theorem 4.2, Theorem 5.5]). 

For a scheme over K, the property in Theorem 11.11 was proven by Ochiai f |Ucl Theorem 
2.4]). However it seems difficult to prove Theorem II. II bv the same method as in |Ocj . since 
the induction on the dimension does not work well. In this paper, we modify the method in 
|SaTj . which treats the composite action of an element of Wk and a correspondence. 

We sketch the outline of the paper. In ^ we derive ^-independence of the alternating sum 
of the traces of the action of a correspondence from Fujiwara's trace formula ( |Fujl| ). This 
result seems well-known, but we include its proof for completeness. In ^ by using localized 
Chern characters, we prove a lemma which is a refined version of jSaT[ Lemma 2.17]. This 
lemma is needed in ^ In 21 we introduce partially supported cohomology and investigate its 
several functorial properties. In terms of partially supported cohomology, we can describe the 
action of a correspondence on the compactly supported cohomology of a scheme which is not 
necessarily proper. The required properties of nearby cycles and their cohomology are also 
included in this section. In ^ we introduce a spectral sequence converging to nearby cycle 
cohomology, which is a generahzation of the weight spectral sequence studied in |RZj . |SaTj . 
By the same method as in |SaT[ §2.3, §2.4], we can prove the compatibility of the spectral 
sequence with the action of a correspondence. In ^ we prove ^-independence for nearby 
cycle cohomology by using the result in ^ and de Jong's alteration (j3J]). The method is 
almost the same as that in |SaTl §3]. Several applications to algebraic geometry (not to rigid 
geometry) are also included (Theorem 16.2.21 Theorem 16.3.8^ . Finally in ^we give a proof of 
our main result. When X is smooth over K, we can reduce our theorem to the case where 
X is the Raynaud generic fiber of the completion of a scheme over Ok with smooth generic 
fiber (though the reduction does not seem so immediate in comparison with [M]). In this case 
we can use the result in ^ Finally, assuming that the characteristic of i^' is 0, we prove our 
theorem for a general X by induction on dim X. In this process, we need the finiteness theorem 
of R. Huber rjml3j). 
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grateful to his advisor Tomohide Terasoma. He was supported by the Japan Society for the 
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Notation Let be a field. For a scheme X (or a rigid space) over K and an extension L of 
K, we denote the base change X x^pecK SpecL by X^. For a scheme X of finite type over K, 
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we denote the group of fc-cycles on X by Zk{X) and the A;th Chow group (the group of /c-cycles 
modulo rational equivalences) by CHfc(X). Let X be a scheme of finite type over K and F be a 
closed subscheme of X. Put d = dimX. We denote by cly : CRd-kiY) — > H^^{X, Qe{k)) the 



cycle map defined in SGA4| , cycle], where £ is a prime number distinct from the characteristic 
of K. 

Convention on correspondences Let be a field and i a prime number distinct from 
the characteristic of K. Put A = Q^. For schemes X and Y separated of finite type over K, a 
correspondence between X and F is a morphism 7: P — > X x Y, where P is a scheme sepa- 
rated of finite type over K. A morphism / : X — > X can be regarded as the correspondence 
/ X id: X — y X x X. Note that this convention is different from that in |SaTj . while it is 
the same as that in |SGA5j and |Fujl| . We sometimes assume that 7 is a closed immersion. 

Let 7 : P — > X X y be a correspondence such that Y is smooth and purely d-dimensional. 
Put c = dimP and 7^ = pr^ 07. When 71 is proper, P induces a homomorphism between 
cohomology groups 

P* : H^,{X, A) ^ H^^{T, A) ^ A{d - c)) . 

More generally, for a G Zk{T), we can define a homomorphism 

a*: Hl{X,A) — > H'l+^'^-^''{Y,K{d~ k)). 

It is easy to see that the map a* depends only on the rational equivalence class of a. Therefore 
for an element a of the Chow group CHfc(P), we can define the map 

a* : Hl{X, A) — > jjg+2d-2k A(d - fc)) . 



2. ^-independence for schemes over finite fields 
2.1. ^-independence 

(2.1.1) In this section we give a result on independence for schemes over finite fields. Though 
the result seems well-known for specialists, we include its proof for completeness. 

Theorem 2.1.2 

Let X be a separated smooth purely d- dimensional scheme of finite type over ¥q and 
7: P — > X X X a correspondence such that P is purely d-dimensional. We denote the 
characteristic of by p. Assume that 71 : P — > X is proper. Then the number 

2d 

Tr (P*; H:{X^^, Q,)) = ^^(-1)^ Tr (P*; Hl{X^^, Q,)) 
lies in and is independent of i. 

Proof. Let 7*^""-' : P*^"-* — > X x X be the correspondence satisfying that 7|"'' = Fr^ 07;^ 
and 72"'' = 72, where Fr^ is the gth power Frobenius morphism. Take a compactification 
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7 : r — ^ X X X of 7 : T—^ X x X and define 7^") : T^' — ^ X x X in the same way. We 
may assume that D = X \ X is a Cartier divisor of X. Then for sufficiently large n, any 

connected component of F fl A^^ which meets D is (set-theoretically) contained in D (here 
we identify Ay and X). This easily follows from Fujiwara's result on contractingness ( |FujH 
Proposition 5.3.5, Proposition 5.4.1]). See also |Vart Theorem 2.1.3, Lemma 2.2.3]. 

By this fact and Fujiwara's trace formula ( |Fujl[ Proposition 5.3.4, Proposition 5.4.1]), 
there exists an integer N such that for every n> N and i the equality 

Tr(F(")*;ff:(X^^,Q,)) = (F^"), Ax)xxx 

holds. The right hand side denotes the intersection number (note that F'-"^ fl Ax is proper 
over ¥q for sufficiently large n by the argument above), which is an integer and is independent 
of i. Since F^'^)* = F* o (Fr^^ )", the number Tr(F* o (Fr^^ )"; H*{Xf^, Qe)) is an integer which 
is independent of i for n > N. 

Let ae,i,i, . . . ,ae,i,m, and Xi,i,i, . ■ . , Xe,i,m, be eigenvalues of F* and Fr^ on Hl{Xf^,Qe) 
respectively. By jDe| Corollaire 3.3.3, Corollaire 3.3.4], Xi^i^k are algebraic integers and there 
exist non-negative integers Wk such that the complex absolute value of any conjugate of Xi^i^k 
is equal to q^^fi^ Since F* and Fr^ commute with each other, the trace of F* o (Fr^)" on 
Hl{Xf^, Qi) is equal to Xlfc^i ^i,i,kX£^i,k with Xe^i^i, . . . , Xi^i^rui permuted suitably. Therefore the 
theorem follows from the subsequent two lemmas. I 

Lemma 2.1.3 

Let X be a separated d-dimensional scheme of Gnite type over ¥g. Then for every eigen- 
value X of Fr^ on Hl{Xf^, Qi), q'^X^^ is integral over Z. 

Proof. We may assume that X is irreducible. By de Jong's alteration |dJj . we may assume 
that there exist a proper smooth scheme X and a strict normal crossing divisor D of X such 
that X = X \ D. Then by the Poincare duality, q'^X~^ is an eigenvalue of Fr^ on W{Xf^, Qg). 
Let Di, . . . , be the irreducible components of D. Put Dj = f]i^j for / C {1, . . . , m} 
(Di = X for / = 0) and D^''^ = IJ/c{i m} #i=k ^i- ^'^^ spectral sequence 

the eigenvalue q'^X^^ occurs as an eig envalue of Fr^f,.) on H''~''{D^-^\Qe{-k)) for some n, k. 

Since D'-'^^ is proper smooth over F^, [De', Corollaire 3.3.3] ensures that q'^'X"^ is integral over 
Z. I 

Lemma 2.1.4 

Let K be a field of characteristic and ai, . . . , am, Ai, . . . , A^, elements of K such that 
Afc 7^ for every k and Xk^ 7^ A^j for ki 7^ k2. 

i) Assume that there exists an integer N such that ^2^=1 '^kX^ = for every n > N. Then 
ai = ■ ■ ■ = am = 0- 
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a) Let q be a power of a prime number p. Assume the following conditions: 

• The elements Xk are integral over Z and there exist non-negative integers Wk such 
that the complex absolute value of any conjugate of Xk is equal to (f^l'^ . 

• There exists an integer N such that YlT=i "^fc-^fe ^ ^ ^'^^ every n> N. 

• There exists an integer d such that q'^'X^^ is integral over Z for every k. 

Then is algebraic over Q and ctfc-^fc ^ -for every non-negative integer n. 



Proof. 

i) This follows from 

det 



N 



N+m-l 
1 



\ Af+m-1 



Af ■■■A^n(^.-A,)^0. 



ii) We may assume that 7^ for every k. Take a G PMi^K. Since Yll^=i c"(ctfc)c"(AA:)" = 
XlfcLi Q^fcAfc for n > N , hy i), there exists a bijection r: {!,..., m} — > {l,...,m} 
satisfying a{ak) = ar(fc) and a{Xk) = Xr{k) for every k. Especially, the set {(j{ak) \ a e 
AutQ K} is a finite set, which implies that is algebraic over Q. Furthermore, for every 
non-negative integer n, (j{Y,'k=i '^kK) = YJk=i "fcA^. Thus Y!k=i "fcA^ G Q. 

Finally we prove that XlfcLi '^fcA^ G Z[l/p]. Let L be a finite field extension of Q 
generated by ai, . . . , Ai, . . . , and A the integral closure of Z in L. Take a maximal 
ideal m of A which does not lie over (p) C Z and denote the valuation of L associated 
with m by v^- By the assumption, Afc G A^. We should prove Vmi^^^i dkX^) > for 
every n. Put c = max{0, — t'm(ai), • • • , — fm(am)}- Since A/m'^ is a finite ring, there 
exists a positive integer q such that A^ — 1 G m'^ for every k. Take a positive integer r 
satisfying n + qr > N. Then 

=^m(5^«,Ar^'- + ^a,(A^-Ar''0) >0. 

k=l ' ^k=l k=l ^ 

This completes the proof. 



Remark 2.1.5 

In [BE , S. Bloch and H. Esnault gave another proof of Theorem 12 . 1 . 21 bv using the theory 
of relative motivic cohomology defined by M. Levine. They also prove the integrality of the 
alternating sum of the trace in Theorem I2.1.21 They only consider the case where X has a 
good compactification, but we can easily reduce the general case to their case by de Jong's 
alteration (c/. 
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3. Complements on cycle classes 

3.1. Localized Chern characters 

(3.1.1) Here we briefly recall localized Chern characters. Let be a noetherian regular 
scheme. By an arithmetic S'-scheme, we mean a separated scheme of finite type over S. Let £ 
be a prime number which is invertible in S and denote Qe by A. 

(3.1.2) Let X be a purely o?- dimensional arithmetic S'-scheme and i: Y " — > X a closed 
subscheme of X. Let S, be a bounded complex of locally free Ox-module which is exact 
over X \ Y . With such we associate chy (^,) G CHrf_,(F)Q, called the localized Chern 
character (jED 18.1]). We denote the degree fc-part of chy (^f.) by chjy((f,) G CHrf_fc(F)Q. 
Note that in jEIIl 18.1], chy(<f,) is defined as an element of CH(y Iii the notation 
there, chy ((T.) G CRd—{Y)q here should be denoted by chy ((f.) n [X]. 

(3.1.3) We need the following property of ch^: 

Assume that S = Spec-f^ where K is a field, X is smooth over S and Y is ir- 
reducible. Let <f, — > i^Oy be a resolution of i*Oy consisting of locally free 
Ox-modules (such a resolution always exists since X is regular). Put d! = dimY. 
Then chj^^, y(<f,) = [Y] G CHrf'(F)Q. This is a corollary of the Riemann-Roch 
theorem (jMl Theorem 18.3 (3), (5)]). 

(3.1.4) Let the notation be the same as in (|3.1.2j) . We can associate the cohomology class 
ch^^y(<^,) G H'^{X,K{k)) for each k, which is also called the localized Chern character (of. 

m 

(3.1.5) We list some properties of ch^;i, y needed later. 

i) The localized Chern character chfj^yi'^*) is compatible with any pull-back. 

ii) Assume that 5* = Spec K where is a field and X is smooth over S. Then we have 
cl^(chjy ((?.)) = ch^^;.y(^.) ( c/. |ED Exampk 19.2.6]). 

3.2. A lemma on cycle classes 

(3.2.1) Let S = SpecA be a henselian trait and i a prime number which is invertible in S. 
We denote the generic (resp. special) point of S* by r/ (resp. s). For an S'-scheme X, we denote 
its generic (resp. special) fiber by (resp. Xg). 

An arithmetic S'-scheme X is said to be strictly semistable if it is, Zariski locally on X, 
etale over Spec A[To, . . . , T„]/ (Tq ■ ■ ■ — tt) for a uniformizer n of A and integers n, r with 

< r < n. Let Di, . . . , be irreducible components of Xg. We put = f]^^j Di for 

1 C {l,...,m} and D^^^ = Y[ic{i m} #i=p+i^i ^"^^ ^ non-negative integer p. We write 
Oj : Di " — s> X and a^^^ : D^^^ — X for the canonical morphisms. 

Lemma 3.2.2 
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Let X be a strictly semistable S-scheme of purely relative dimension d and Y a closed 
subscheme of X with [d — k) -dimensional generic fiber. Assume tiiat Y is flat over S. Then 
there exists a cohomology class C,e € Hy'^lX, Qe{k)) for each prime number i which is invertible 
in S satisfying the following conditions: 

• e£U, = <''(F,)ei/|.J(x„Q,(fc)). 

Here we are abusing notation since D^P^ is not a subscheme of X. 

Proof. Take a resolution ^, — > i^Oy of i^Oy by locally free Ox-modules, where i denotes 
the canonical closed immersion Y " — > X. Put ^£ = ch^^y((^,). Then it satisfies the first 
condition above by ()3.1.3|) and ()3.1.5|) . 

We will prove that the second condition holds. Since the cycle map for a scheme over a 
field is compatible with the refined Gysin map, we may assume p = 0. In other words, we 
should prove ^^1^^ = clgny(«H^])- Since F is flat, A H F ^ — >Y is a Cartier divisor. Thus 
al[Y] = [Di n Y] in CB.d-k{Di H Y). Moreover Y and Di are Tor- independent over X and 
S',\Di is a resolution of CD^ny by locally free Oor'^odules. Therefore by ()3.1.3|) and ()3.1.5p . 
we have 

6b, = chfloM^-lDj = clSny (ch^hnyl'^.bJ) = clgny(A nY) = clg^^(a:[F]). 
This completes the proof. I 

Remark 3.2.3 

We can prove that the class ^ constructed above coincides with the refined cycle class of 
Y defined by using the absolute purity theorem of O. Gabber (c/. |Fuj2| ). In particular, we 
have the canonical element G Hy'' {X , Ze{k)) whose image in Hy'' {X , Qe{k)) is equal to 

Remark 3.2.4 

In the same way, we can remove the denominator k\ in |SaT| Lemma 2.17]. 

4. Partially supported cohomology and nearby cycle cohomology 
4.1. Partially supported cohomology 

(4.1.1) Let be a separably closed field and i a prime number which does not divide the 
characteristic of K. Put A = Q^. 

(4.1.2) Consider a triple (X, f/i, f/2) of schemes over K such that 

{•k) Ui is an open subscheme of X and U2 is an open subscheme of Ui. 

We call such a triple a -k-triple. The scheme X is often assumed to be proper over K. We 
denote the canonical open immersions Ui " — > X and U2 " — > f^i by ji and ju respectively. 
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Put j2 = ji o ji2- A morphism /: {X,Ui,U2) — > {Y,Vi,V2) of ^-triples means a triple of 
morphisms /: X — > Y, fi : Ui — > Vi, and /2 : U2 — > V2 which makes the following diagram 
commutative: 

U2 ^ U\ ^ X 




Definition 4.1.3 

Let (X, f/i,[/2) be a T*r-triple and T G obj Z}^([/2, A). We define the partially supported 
cohomology Hl{X, U,, U2] T) as iJ«(X, ji,i?ji2*^) and El{X, U^, U2; T) as E\X, R3x.3i2\T). 
Note that if X is proper, Hl{X,U,U;T) = H^{U,r). Needless to say, H^^,{X,Ui,U2] J^) = 
H'^{Ui,ji2\^) is independent of X. 

(4.1.4) Let /: {X, 1/1,1/2) — > (Y, 14,14) be a morphism of 7^-triplcs and ki: Vi ' — X, 
ki2- 14 ' — ^ Vi the canonical open immersions. Put k2 — ki o ki2. Consider the diagram 
below: 




Assume that one of the following conditions is fulfilled: 

i) The right rectangle is cartesian. 

ii) The morphism /i is proper. 

iii) The morphism ki is proper. 

Then wc have the pull-back homomorphism /* : Hl{Y, ^1,^2;^) — > Hl(X, C/i, C/2; f^J^) in- 
duced by the composite 

ki\Rki2*T RfJ*kiiRki2*^ ^ Rf*ji\flRki2*J^ Rf*jiiRji2*f2^, 

where b.c. denotes the base change map. Moreover if / is proper (for example X and Y 
are proper over K), we have the push-forward homomorphism /*: H^f [X,Ui,U2', Rf2^) — > 
H^[{Y, Vi,V2; J-') induced by the composite 

Rf\Rji*ji2\Rf2^ Rf\Rji*Rfiki2\^ Rf\RfRkuki2\J^ Rkuk^T. 



(4.1.5) Assume that one of the following conditions is fulfilled: 

i) The left rectangle is cartesian. 

ii) The morphism /2 is proper. 
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iii) The morphism ku is proper. 

Then we have /* : H^^,{Y, VI, V2; J^) — > Hl,{X, Ui, U2; f^^) defined similarly. Moreover if / is 
proper, we have /, : Hl{X, U^, U2; Rf^J") Hl{Y, V^, V2; J"). 



(4.1.6) Next we define a cup product. Let {X, Ui, U2) be a T^r-triple such that X is proper and 



T ,Q ^ obj D^^JU2, A). By the lemma below, we can define a cup product 



HliX, Ui, U2; ® Hl{X, f/i, f/2; g) ^ H^,+%U2, J'^G) 

as the composite 

Hl{X, Uu U2; ® Hl,{X, U,, U2; Q) = H'{X,j,,Rj,2.J') ® H^X, RjuJmQ) 

H'^+\X,3vR]i2*J' ® RjuJmG) 

= HP+'^{x,32^{r®g)) 

= Hl-^\U2,T®G). 



Lemma 4.1.7 

L 

Let the notation he the same as above. We have the isomorphism ji\Rji2*^ ® RjujmG — 

j2\{:F®g). 

L 

Proof. Denote the canonical closed immersion X \ U2 ' — > X by i. Since j*{ii\Rji2*^ ® 

L 

Rji*ji2\Q) = 

32\{,J^ ® Q) — ' 3i\Rji2*J^ ® RjujmQ — ^ i*iji\Rji2*J^ ® Rjuji2iG) — ^ 

L 

is a distinguished triangle. Moreover i*Rjuji2\G = implies i* {jwRj 12*^ ® RjuimQ) = 0. 
Thus JvRjl2.J^ ® RjuJuiQ = ]2\{J' ®G). I 

(4.1.8) Let X, Y be proper schemes over K and U <Z X, V d Y open subschemes. For 
JF G obj Z}^jj(f/, A) and Q G obj D^^^iV^K), we have the following Kiinneth formula: 

Hl{X^Y,U^Y,U^V-Tkg) = Hl{X^Y,X^V,U^V-Tm) = Hl{U,T)®H^{V,g). 

i+j=q 

Proof. Denote the canonical open immersions U ' — > X and V " — > Y by j and k respectively. 



By the Kiinneth formula ( ||SGA4-IIH, Theoreme 5.4.3], SGA4|, Finitude, Theoreme 1.9]), we 
have 

(j X i)!i?(i X k),{T Mg) = R{i X k),{j X i)i(.F mg)= j^t m Rk,g. 
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This completes the proof. I 

(4.1.9) We write Hl{X, Ui, U2) and H%{X, Ui, U2) for Hl{X, Ui, U2; A) and H'^,{X, Ui, U2; A) 
respectively. Let /: (X, Ui, U2) — > {Y, Vi, V2) be a morphism of ^-triples. If the condition in 
fj4.1.4|) is satisfied, we have 

/* : Hl{Y, V^i, V2) HUX, [/i, U2; f;A) = HUX, U,, U2). 

Assume further that / is proper, V2 is smooth and f/2, V2 are equidimensional. Then we have 

: Hl-^^\X, f/i, U2){d) Hl,{X, f/i, U2-, Rf,A) H%{Y, V^, V2) 

where d = dim U2 — dim V2 . 

It is easy to see that /* and are dual to each other and the following projection formula 
holds: 



Proposition 4.1.10 

Assume that X and Y are proper over K. For every x G Vi, V2) and y G 

H%{X, Ui, U2), the equaUty /2*(/*(a;) Uy) = xU My) holds in Hp+^-^\V2, A(-rf)). 

(4.1.11) Next assume that the condition in ()4.1.5p is satisfied for a morphism / : (X, t/i, t/2) — 
(y, Vi, V2) of ^-triples. Then we have 

/* : H%{Y, V2) ^ H%{X, t/i, f/2; /2*A) = Hl,{X, Ui, f/2). 

Assume further that / is proper, V2 is smooth and f/2, V2 are equidimensional. Then we have 

: f/i, f/2)(rf) HliX, f/i, f/2; Rf-A) HUY, Vi, V2) 

where d = dim f/2 — dim V2. 

It is easy to see that /* and /* are dual to each other and the following projection formula 
holds: 



Proposition 4.1.12 

Assume that X and Y are proper over K. For every x G -ff^|(y, V^i, V2) and y G 
Hl{X, f/i, f/2), the equahty /2*(/*(x) Uy) = xU My) holds in i7^'?-2^(\/2, A{-d)). 



(4.1.13) Let (X, Ui, f/2) be a ^-triple such that f/2 is smooth and equidimensional. Let Y be 
a closed subscheme of X which is purely of codimension c. Assume Y n Ui = Y n U2 and put 
V = Y n Ui. Then the diagram 

V^=V 



«2 



f/2^f/l 




is cartesian and we have the base change map RV2A = idi i?4A — 
the morphisms Rji^ii^R^A — ^ Rjuji2\A and 

H^'{U2,Aic)) ^ H^J{X,U,,U2)ic). 



RAji2\A. By this, we have 
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Lemma 4.1.14 

The image of c\y^{V) G ify^(f/2, A(c)) under the map above is equal to the image of 
1 e H%V, A) = V, V) under the map : H^,{Y, V, V) — > Hl^{X, Ui, U2){c). 

Proof. By the definition of i^, we have the following commutative diagram: 

H^V, A) — ifo, (F, V, V) 

H^^{U2, A(c)) H'^^X, Uu U2){c), 



where the map is induced by the canonical map A — > Rv^A{c)[2c]. By |SGA4|[ cycle, 
Theoreme 2.3.8 (i)], we have i2*(l) = c\y^{V). This completes the proof. I 

(4.1.15) Let X, Y be schemes proper over K and j: U " — > X, j' : V " — > Y dense open 
subschemes of X, Y respectively. Assume that U, V are equidimensional and V is smooth. 
Put c = dim U and d = dim V. Let F C UxV hea purely d-dimensional closed subscheme such 
that F' — > U xV ^ U is proper and F the closure of F in X x y . Then {X xY,U xY,U xV) 

and F satisfy the condition in ()4.1.13j) . By Lemma 14.1.14^ we can describe the action F* of 
the correspondence F by means of partially supported cohomology: 

Proposition 4.1.16 

Let the notation be the same as in l\4.1.1&^) . Then T* : H^{U,A) — > H^{V,A) coincides 
with the composite 

HliU, A) = Hl{X, U, U) ^ Hl{X xY,U xY,U xV) H^,+'%U x V){c) 

Here cl(F) denotes the image of cl[^^^(F) e H^%U x V, A(c)) in H^^{X xY,UxY,UxV){c). 

Proof. This follows immediatelv from Proposition 14. 1.1U| and Lemma 14. l.T^ I 

(4.1.17) Let /: X' — > X be a proper morphism of equidimensional schemes over K and 
Z G X Si closed subscheme of X which is purely /c-dimensional. Put Z' = Z Xx X' and 
d = dimX' — dimX. Assume that X is smooth over K. Then the map id x / : X' — > X' x X 
is a regular immersion. By applying the construction in jFull Chapter 6] to the cartesian 
diagram 

Z' ^ X' X Z 



X' ^X' X X, 
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we have the element (id x/)'[Z] G Cllk+d{y')- We denote it by f[Z]. It is well-known that 
this construction is compatible with cycle class, i.e., /*(clf^(Z)) = cl^; {f[Z]). 

Lemma 4.1.18 

Let X, Y, X' and Y' be equidimensional schemes over K and /: X' — > X, g: Y' — > Y 
be proper surjective generically finite niorpliisms over K. Put c = dimX = dimX' and 
d = dimy = dimy. Let T G X x Y be a purely d- dimensional subscheme such that the 
composite T " — > X x Y — ^ X is proper. Assume that X and Y are smooth over K. Then 



the following diagram is commutative: 



Hi{X', A) ^^^""^^'^^"'^ Hi{Y', A) 



W,{X,A) 



r* 



Hl{Y,A) 



Proof. First note that {{f x gy[T])* makes sense since {fxgy[T] is supported on {f x g)^^(T), 
which is proper over X'. Take a compactification /: X — > X of /: X' — > X and 'g: Y — > 
Y of g: Y' — > Y. Since / and g are proper, we have / (X) = X' and 'g^^(Y) = Y'. Put 
e = cl(r) e H^^aX X F,X X F,X X F)(c). Then cl((/ x gy[T]) = (f x g)*^. 
Consider the following diagram: 



H^iX', A) ^ HUX' X ¥', X' X y\ X' X Y') ""^^"'^'^ ^ Hl+^''[X' x Y' , A(c)) ^ El{Y' , A) 



El{X,K) 



Hl{X,A) 



pr: 



(Jxid). 

HI{XxY\X X F',X X Y') 

(id xg)* 

Hl(X xY,X xY,X xY) 



U(id X3)*5 



(/xid). 

Hi+^^[X X Y',A{c))^^Hi{Y',A) 

(id xg)* 



Hi+^^{X X Y,A{c))^^Hi{Y,A). 



By Proposition 14. 1 . lT)t the composite of the upper horizontal arrows is equal to ((/ x 5f)'[r])* 
and that of the lower horizontal arrows is equal to P*. The lower left rectangle, the lower middle 
rectangle, and the upper right rectangle in the diagram above are clearly commutative. The 
upper left rectangle and the lower right rectangle are commutative by the Kiinneth formula. 
The upper middle rectangle is commutative by the projection formula. This completes the 
proof. I 



4.2. Nearby cycle cohomology 

(4.2.1) Let 5* = SpecA be a strict henselian trait and denote its generic (resp. special) point 
by T] (resp. s). Let i^' be a quotient field of A and K a separable closure of K. For an S- 
scheme X, we denote its special fiber, generic fiber, geometric generic fiber by X^, X^, X^ 
respectively. Denote the integral closure of A in K by A and put S = Spec A. For an S'-scheme 
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/ : X — > S, we write / : X — > S for the base change of / from S to S. Then we have the 
cartesian diagrams below: 



fs 


f 


fv 


fs 


f 




fv 

















s ^ 5" ^ V: s ^ s V- 



Let £ be a prime which is invertible on S and denote A = Q^. For J-" G obj /^^(X^, A), we 
define Ripx^ = i Rj^^*^, where ip : Xjj — > Xjj is the canonical morphism. If no confusion 
occurs, we omit the subscript X of Ripx- 

(4.2.2) First we recall some functorialities of nearby cycles. Let /: X — > y be a morphism 
between ^'-schemes. We define /* : Rt/jy^ — ^ Rfs^R^x^ as the composite of 

R^^K ^ Rf^J*R^yA }^ Rf^^R^jxf^A = Rfs.Ri^xA. 

Assume further that X,,, are equidimensional and Y^j is smooth. Put d — dimX^ — diml"^. 
Then we define /*: Rfs\R'ipYA{d)[2d] — > i^V'xA as the composite of 

RfsiRilJxHd)[2d] R'iljYRUMd)[2d] — > Ril^yRURfjj^ ^ Ri/jyA. 



Lemma 4.2.3 

Let X and Y be arithmetic S-schemes and f : X — > Y a proper surjective generically 
finite S -morphism. Denote the degree of f by n. Assume that Y^ is smooth. Then the 
composite 

Ri/jyA Rfs^Ri^xA Ri^yA 

is the multiplication by n. 



Proof. It is well-known that the homomorphism A — > Rffj^f^A — > A between constant 
sheaves on 1^ is the multipfication by n. Thus we have only to prove that the given map is 
equal to the composite 

RlpyA > R%pYRjrj*JrjA > RlpyA. 

Now we recall some basic facts on the base change map. For a commutative diagram 



Y' 



f 



Y 



X' 

f 

■X, 



the following hold: 
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(a) For T G obj A), the composite 

Rg.T ^ Rj.rRg.T RURg'J'*r = RgMtT 

is equal to i?5f*(adj). 

(b) For ^ e obj Dl{X, A), the composite 

5' ^ 5' -K/*/ — ' Rj*g / = -tt/J 5' ^ 

is equal to adj. 

(a) is nothing but the definition of the base change map. (b) is also easy. 
Consider the following cartesian diagram: 

fs 7 h 

" _ y - 

By (b), the composite 

TRj^A ^ RUf:rRj,A = RfsTfRlA ^ TRfJ^R-j^A 
is equal to i*(adj). Together with (a), we may infer that the composite 

TRj^A ^ Rf,j:TR-j^A = RfJ*TRj,A ^ TrJ^RJ^A ^ TrJXjJ^^ 

^TRj^RfriJ^A 

is equal to i*i?j^(adj). Our claim easily follows from this. I 

(4.2.4) Let X and Y be arithmetic S'-schemcs with equidimensional smooth generic fibers. 
Put c = dimXj, and d = dimF^^. Let F C Xx^Fbea closed subscheme with purely 
(i-dimensional generic fiber such that F = — > X XgY ^ X is proper. Denote the closed 
immersion F ' — > X x Y hy 'j and put 7^ = pr^ 07. Then we have the maps 

H',{Xs, R^xA) ^ Hl{Ts, R^rA), Hl{T,, R^rA) ^ H^iY^, R^yA). 
We define F* : H^{Xs, R'4>xA) — > H^(Ys, Rt/jyA) as the composite of the maps above. 

(4.2.5) As in the previous subsection, we can consider a ★-triple {X, Ui, U2) over 5*. We will al- 
ways assume that X, Ui, U2 are arithmetic -S-schemes. For such a ★-triple, we consider the par- 
tially supported nearby cycle cohomology H^^{Xs, Uu, U2s', R'^U2^) ^^^d Hly{Xs, Uu, U2s; R'^U2^)- 
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We have the same functorialities as in ()4.1.9j) . ()4.1.1H) . the projection formulas, and the 
Kiinneth formula (c/. ^111^ Theoreme 4.2, Theoreme 4.7]). 

(4.2.6) Let {X, 1/1,1/2) be a T^r-triple over S such that U2ri is smooth and equidimensional. 
Let y be a closed subscheme of X such that C X^ is purely of codimension c. Assume 
Y n Ui = Y n 1/2 and put V = Y (1 Ui. Then as in ()4.1.13j) , we have the canonical map 

Hl.^{U2r,,Aic)) Hll{U2^,Aic)) ^ H'y:{U2s,Ri^uMc)) H'Ji^^^ 
Lemma 4.2.7 

The image of ciy^^^CV-r^) by the map above coincides with the image of 1 G R^v-A) = 

H^i{Xs, Vg, Vg] Ripv-A) under the push-forward map 

We denote it by cl(K,). 

Proof. Consider the diagram below: 

H'^iV,, A) H^Vrj, A) H^Vs, Ri,vA) if°,(n, K, V^- i?^yA) 



Hll{U2^,A{c)) ^Hl^{U2^,A{c)) ^H^XU2s.Ri^u,A{c)) ^ Hl^{Xg,Uu.U2s-. Ri^vA{c)) . 

The two left rectangles are clearly commutative. As in the proof of Lemma I4.1.14| we can 
see that the right one is commutative. Since the image of 1 G iJ°(K),A) under the map 
H^iVr^, A) — > (f/2^, A(c)) is dyl^ (K,), the lemma follows. I 

Proposition 4.2.8 

Let X, Y be proper arithmetic S-schemes and U G X , V G Y open subschemes which are 
arithmetic S-schemes. Assume that f/^ and are equidimensional and smooth, and put c = 
dim Ur^, d = dim V^. Let TGUxsVbea closed subscheme with purely d-dimensional generic 
fiber such that the composite T — ^ U Xs V U is proper. Then T* : H^{Us, RipuA) — > 
H^{Vs, RipyA) coincides with the composite 

HliUs, RtpuA) = Hl{X„ Us, Us-, RiPuA) ^ H^Xs x Y^, Us x F„ Us x V^; R^PuxvA) 

X Vs,Ri^u.vA{c)) ^ Hl{Vs,Ri,vA). 
In particular, F* depends only on (as long as F " — ^ U x^V — ^ U is proper). 

Proof. This follows immediately from Lemma f4. 2. 71 and the projection formula. I 
Lemma 4.2.9 

Let X, Y , X' and Y' be arithmetic S-schemes with smooth equidimensional generic fibers 
and /: X' — > X, g: Y' — > Y be proper surjective generically finite S-morphisms. Put 
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c = dim Xn = dim X' and d = dim Y^j 



dimy^'. Let T G X x s Y be a closed subscheme with 



X x.Y 



Pri 



X is proper. 



purely d-dimensional generic fiber such that the composite T ^ 

As in nrm . we have (/, x g,y-[r,] G CH,((/, x g^r^T,)). Take T' e Z,{{f x g)-\T)) 
whose image in CRdHfri x 9ri)~^(Xri)) is equal to {fr, x 5f^)'[r^]. Such V is not unique, but T'* 
is independent of the choice ofT' by the previous proposition. Then the following diagram is 
commutative: 



Hl{X,,R^PxA) 



r* 



W^{Y,,R^PyA). 



Proof. As in the proof of Lemma I4.1.18| we derive the commutativity from the projection 
formula, the Kiinneth formula, and Proposition 14.2.81 I 

Lemma 4.2.10 

Let {X, 1/1,1/2) be a ic-triple over S where U2ri is smooth and i: Y " — > X a closed 
subscheme such that Y^ ' — > X^ is purely of codimension c. Assume that Y n Ui = F fl t/2 
and put V = Y n Ui. Let ^ G Hy{U2, A(c)) be an element satisfying ^\u2r, = ^^vl'^i^v)- Then 
cl(V^) G Hlf{Xs, Uis, 1/23', R'ipU'zA^c)) coincides with the image of ^ under the map 

Hl'{U2,A{c)) ^Hll{U2s,K{c)) ^ Hl^{X„Uu,U2s){c) ^ Hlf{X„Uu,U2s-,R^u,A{c)). 

Proof. This follows from the commutative diagram below: 

Hl-{U2, A(c)) Hll{U2s,A{c)) Hlf{X3, Uu, f/s.; A(c)) 

HlP{U2„Aic)) 

A(c)) ^H^'^{U2s,Ri^uMc)) ^H^j{X,,Uu,U2s;Ri^uMc))- 

I 



Corollary 4.2.11 

Let the notation be the same as in Proposition \4.2.^ Let ^ G H^'^^U Xg V, A(c)) be 
an element satisfying ^|c/^xy,, = cl(r^). We denote by C,' the image of ^ under the map 
Hl'{U X V,A{c)) HlliU, X K,A(c)) Hl{{X, x Y^U, x Y^U, x K)(c). Then 

T* : H'^{Us, RtpuA) — > H^iVs, R^yA) coincides with the composite 

Hl{U3, Rt/juA) = Hl{X„ Us, Us-, R^uA) ^ HUX^ x Y^, f/, x Y^, x i?^f/xyA) 
^ Hl+^'{Us X Vs,R^uxvA{c)) ^ Hl{Vs,Ri^vA). 
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Proof. Clear from Proposition I1.2.8I and Lemma 14.2. KH I 

5. An analogue of the weight spectral sequence and its functorialities 
5.1. An analogue of the weight spectral sequence 

(5.1.1) Let S = Spec A be a strict henselian trait as in 14.21 Let {X, 1/1,1/2) a ^ir-triple over 
S such that U2 is strictly semistable (c/. (13.2.11) ) over S. We say that such a ^ir-triple itself is 
strictly semistable. We denote the irreducible components of by D'(, . . . , D'^. We write 
Di (resp. D'j) for the closure of D'/ in X (resp. Ui). They form :*r-triples (-Dj, D'-, D"). We have 
the following maps between ^-triples: 



D'' 



D' 



U2s^U, 



hi 



31 



X. 



For a subset / C {1, . . . , m}, put = Hig/ A, D'j = f].^j and D'^ = f]^^j D'l. For every /, 
D'^ is smooth over s. We write a/, a^, a", ki, and k'^ for the maps induced by a^, a-, , fc, and k[ 
respectively. For an integer p, put D^p^ = lJ/c{i,...,m},#/=p+i ^'^^^ = Uic{i,...,m},#i=p+i^i^ 
and Z}"(p) = ^1 #i=p+i ^'i- ^ purely of relative dimension n over 5", they are 

purely of relative dimension n — p over s. We write a^P\ a'^\ a"^P\ k^P\ and k'^^^ for the maps 
induced by aj, a'j, a", kj and k'j respectively. We have the following maps between ^-triples: 



U. 



J12 



2s 



Uu 



,"(P) 



■X 



U2s^^Uu 



X,. 



(5.1.2) By |SaTt §2.1], we have the monodromy filtration M, on Ripu^A. This is a filtra- 
tion in the category of perverse sheaves on Xg. The filtration M, defines a quasi- filtered 
object {R^IJu2K{MsR^U2^lMrRil^U2^)s>r) of the category L)^(?72„A) (|SaMl 5.2.17]). Since 
the functors -Rji2* and jw preserve distinguished triangles, we have a quasi-filtered object 

of the category D|!(Xs, A). 



Theorem 5.1.3 

Let the notation he the same as above. The above quasi-filtered object induces the spectral 
sequence 

i>max(0,— p) 
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Proof. By |SaM| Lemme 5.2.18], we have the spectral sequence 

On the other hand, by |SaTl Proposition 2.7] we have the canonical isomorphism 



p—q=r 



Since jv.Rji2*0''LA = ji\a[^Rk[^A. = jua-i-Rfc-^A = ai\ki\Rk[^K = ai^ki\Rk[^A, we have the 
canonical isomorphism 

ji!i?ji2* Gi^R^PuA) = H'+''(x,,3vRji2*{ a:(P+2*)A(-2)[-p - 2z] 

i>max(0,— p) 
i>max(0,— p) 
j>max(0,— p) 

This completes the proof. I 

(5.1.4) If X = Ui = U2 and X is proper over 5*, the spectral sequence above coincides with 
the weight spectral sequence in jRZj up to sign (see |SaT| p. 613]). 

5.2. Functoriality: pull-back 

(5.2.1) Let {X,Ui,U2) and {Y,Vi,V2) be strictly semistable ^-triples and /: {X,Ui,U2) — > 
{Y, Vi, V2) a morphism of ^^r-triples. Assume that the diagram 

Ui -X 



Vi — 

is cartesian. Then we have the pull-back map /* : H^^:(Y, Vi, V2; Ripv2-^) — ^ -^!*(^> ^2; R'^U2^)- 

(5.2.2) Let E'l, . . . ,E'^, be the irreducible components of ¥23 and Ei (resp. E^) a closure of 
Ei in Y (resp. Vi). As in (|5.1.H) . we have the diagram 

E^^E^^E, 



V2s^Vu^^Ys. 
We also define Ei, E'j, E'l, E^p\ and E"^p^ as in (jKTT|l . 
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Since U2 and V2 are strictly semistable, we have f 2(^^=1 ^'D ~ YlT=i ^'1 Cartier divisors 
on U2- Therefore there exists a unique map ip: {1, . . . , m} — > {1, . . . , m'} satisfying /2(-Df) C 
for every i e {l,...,m}. Renumbering D'ps if necessary, we may assume that </? is 
increasing. Then we have /(A) C and fi{D[) C E'^^^^ for every i. Moreover the right 
rectangle of the following commutative diagram is cartesian: 



D'l- 
h 



D' 



E: 



(5.2.3) For a non-negative integer p, we put If^p = {/ C {l,...,m} | = i^^p{I) = 
p + 1} and D'j:^^^ = Uieif^^i- We define of^ and D'j^'^ similarly. For I e X/,^, we have a 
morphism of ★-triples fip(i)i ■ {Dj, D'j, D") — > {E^(i), E'^^j-^, -^<!^(/))' which is a restriction of /. 

Put /(P) = U : {Df\ d)^\ D'}^^) — ^ {E^\ E'^\ E"^'^). Since the right rectangle of the 
commutative diagram 

fip) 



Ap) 



l'(v) 



(p) 



is cartesian, we have the pull-back map 



i^^f,p 



Proposition 5.2.4 

We have a map of spectral sequences 

E'r = e.>.a.(o,-p) Hl-'\E(P+'^\ E'(P+'^\ 

0/(P+2<)* 



f* 



i>max(0,— p) 



Proof. We have a morphism of quasi-filtered objects 

{Rfs*f:jvRj[2*R'4^vA, iRfs*f:j'vRj[2AMsR'4^vA/MrRipvA))s>r) 

> {Rfs*jl\Rjl2*f2sRlpV2-^, {Rfs*jllRjl2*f2s{MsRlpvA/MrRll^V2^))s>r) ■ 
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By jSaT[ Proposition 2.11 (1)], we have a morphism of quasi-filtered objects 
which induces 

{RfsJl\Rjl2*fLRi^V2^,Rfs*jl\Rjl2*f2s{MsR^V2^/MrR^Pv2^)s>r) 

^ {Rfs*jl\Rjl2*Ri^U2-^, Rfs*jl\Rjl2*{MsRlpU2-^/MrRi'U2-^)s>r)- 

Therefore we have a morphism of quasi- filtered objects 

(j;,i?j;2.i?V'y2 A, (Jii^jk (^.^^v-^ A/M.i^z^v-^ A))s>r) 

^ {Rfs*jl\Rjl2*Ri^U2-^, Rfs*il\Ril2*{MsRi)U2^/MrR^U2^)s>r)- 

The associated morphism of spectral sequences is as follows: 

E'v,, ^ HP+%Y,,j[,Rj[,^ Gr^^ i^z^v-, A) =^ K^^Y,, V.^, V2s; i?^y, A) 



On the other hand, by |SaT| Proposition 2.11 (2)], we have the following commutative diagram 
for every r: 



®,-,=rfvM2X'^'^'^H-p)[-p-Q] 



■3v.R3'i2. Grf i^^v-.A 



'p—q=r 



®,.,=r Rfs*jvRji2j;sb"^''^'^H-p) [-P - g] — Rfs^jv.RmJl Grf R^PV2^ 



M 



'p-q 



®,-,=rRfs*JvRjuX^''^'^Ai-p)[-p - q] 



■Rfs^Jv.Rju. Gi^'RiPu2K 



where the horizontal arrows are the canonical isomorphisms in |SaTt Proposition 2.7]. We 
know that y^^Ry^^X^"^"^ A = b^f^^hiRl'^A and RfsJvRjuX^'"^''^ A = Rf s.a!-*^"^ hRk'A- Thus 
we have the map b^'^'^hiRl'^A — > Rf s^o'I'^''^ hRk'^A induced by the composite of 

j'M2X^''^'^A ^ Rfs*jiiRji2JLK^'^'^A Rfs^jiiRjuX^'^'^A, 

appearing in the above diagram. We can easily see that (by taking Rr{Ys, *)) this map induces 

. ^fc ^^(p+g) j^l{p+q) j^"P+q\^ > H\[D'''^^'^^ [)'iP+<l) /}"(P+9)^ 

The proposition immediately follows from this. I 
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5.3. Functoriality: cup product 
Proposition 5.3.1 

Let {X, Ui, U2) be a strictly semistablc -k-thple over S and ^ e H^{Xs, Uig, U2s){l)- Then 
the cup product with ^ induces a map of spectral sequences 



U?|^(p+2i) 



.HP+i+-^{U2s,R^/Ju,m)- 



Proof. We have a map of quasi-filtered objects 

{jv.Rji2*R^U2^, UvRj 12* {MsRipv, A/MrRipu^ A) ).>r) 

^ {j2lRiPu,mH, {j2l{MsRil^uA/MrR^uAmH)s>r) 

and the map of spectral sequences induced by it: 

^HC''{Xs,Uu,U2s;R^|^uA) 



Er = HP+%X,,j,.Rj,2. Gr^pi^V'c/.A) 



By the subsequent lemma, the following diagram is commutative for every r: 

a r_. _ .1 j^^Rj^^^ Grf Rtl^u.^ 

i'ij>+q) , 



e,_,=, i2!a:^"^^A(-p + l)[-p-q + 



m\ 



j2i Grf i?^^,A(/)[m]. 



On the other hand, the diagram below is obviously commutative: 



• r>- i'(P+<i) A . 



jvRji2.a:^'^''^A{l)[m] — a!f^''\k o k')iA{l)[m]. 
This completes the proof. I 
Lemma 5.3.2 

Let X be a scheme over a field and j : U = — X be an open subscheme. Let T and Q 
be objects of D^(C/, A). Then for every morphism (p: T — > Q and every cohomology class 
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1^ G if™(X, A(/)) = Hom(A, j!A(/)[m]), the following diagram is commutative: 



U5 



j,^(/)[m]^j,6;(/)[m]. 



Proof. This follows from the diagram below, whose rectangles are easily seen to be commu- 
tative: 

Rj^J^ ^ Rj*Q 



id ®i 



id ®g 



R]^T ® ]Ml)[m\ 



Rj^Q ® iMl)[m] 



j!j*(i?J*-^®j!A(/)[m]) -j,j*(i?j;6?®j!A(/)[m]) 



■j,(e;®A(/)[m]) 



5.4. Punctoriality: push-forward 

(5.4.1) Let X and Y be strictly semistable 5'-schemes and /: X — ^ Y a morphism between 
them. We assume that X (resp. Y) be purely of relative dimension n (resp. n'). Put d = n — n' . 
We denote the irreducible component of X (resp. F) by Di, . . . , (resp. . . . , -Em') and 
define D^p'^ (resp. E^^)) as in (|5.1.ip . 

Proposition 5.4.2 

We have a map of spectral sequences 



j>max{0,— p) 



^g+2d-2. (/}(P+2*)^ A(-z + d)) HP+'}+^'^{Xs, R^x^d)) 



(p+2i) 



wiere /i^'' is defined as in \SaT\ §2.3]. 

Proof. This follows immediately from jSaTl Proposition 2.13]. 
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5.5. Punctoriality: action of correspondence 

(5.5.1) Let X and Y be strictly semistable S'-scliemes and X ' — > X, Y " — > Y compact- 
ifications over S. Assume ttiat X (resp. Y) is purely of relative dimension n (resp. n'). 
Let Di, . . . , Dm (resp. Ei, . . . , Em') be the irreducible components of Xg (resp. Ys). Denote 
Di (resp. Ei) the closure of Di in X (resp. of Ei in Y). Write Xj (resp. X-) for the defin- 
ing ideal of Di (resp. Ei). Let vr: Z — > X Xs Y he the blow-up of X X5 F by the ideal 
n(i.i')eA(nj=i P^^i^i + n}'=i where A denotes the set {1, . . . , m} x {!,..., m'}. Put 

Z = 7r~^(X X Y). Then by |SaT| Lemma 1.9], Z is strictly semistable over S and the irre- 
ducible components of Zs are indexed by A as {Cj^j'}(j_j/)gA so that vr(Cj.j') = Di x Ei/. For 
/" C {1, . . . , m} X {1, . . . , m'}, put Cjn = f]^, .,^^j„ Ci^ii. We know that = lJ#/"=p+i Cv 
( |SaT| Lemma 1.9]), where /" runs over all totally ordered subsets of A (the order of A is the 
product order). 

For / C {1, . . . , m} and /' C {1, . . . , m'} satisfying = = j9+ 1, denote by / A/' C A 



the graph of the increasing bijection I — > I'. Put C'f^ = U/c{i,...,m},/'c{i,...,m'},#/=#/'=p+i ^ 
Let TT/A/' : C/A/' — > Dix Ep be the restriction of vr and vr^f) : Cj^^ — > D^^) x ^(p) the mor- 
phism induced by vt/a/'- 

(5.5.2) Let r C Xx^Fbea closed subscheme with purely n'-dimensional generic fiber 
such that the composite P ' — ^ X x^Y — X is proper. Denote by P' the closure of 

P^ C X = Zr, in Z and put P'(p) G CH„/_p(C(p) n P') the refined pull-back of P' to 
C'-^-'. By Lemma (3.2.21 there exists a cohomology class ^ G ifp"(X X5 F, A(n)) satisfying the 
following conditions: 

• ^U^xy^ = clx^xy^(rr,). 

• elc(.) = clgSnr'(r'(^^)- 

Since P' C 7r-i(P), the composite of Cf^^ n P' ^ — > Cf^^ ^ x E^p) ^ D^f) is proper. 

Thus P'(P) induces the action on cohomology (P'(p))*: H^{D^p\A) — > H^{E^p\A) (we write 
P'(P) again for the restriction of P'^^) to C[^^ n P'). 

On the other hand we have P"(p) = 7ri^^(P'(p)) G CH„/_p((D(p) x E(p))nP). As the composite 

is proper, P''^^^ induces the action on cohomology 

(r"(p))*: H^{D^P\A) — > H^{E'-P\A). By the projection formula, these two maps are equal. 
Now we state the functor iality result: 

Theorem 5.5.3 

Let the notation be the same as above. Then we have a map of spectral sequences 
= ®^>r.Mo,-p)Hr''{D^'^'^H-^))^Hr''iX,,mx^) 



lAP- 



r* 



j(-p//(p+2i))* 



23 



Yoichi Mieda 



Proof. This follows from Corollary 14.2. IH Proposition 15 .2 .41 Proposition I5.H. and Propo- 
sition I 

6. independence of nearby cycle cohomology 
6.1. ^-independence of nearby cycle cohomology 

(6.1.1) Let -ft^ be a complete discrete valuation field with finite residue field F = ¥g. We denote 
the ring of integers of K by Ok and the characteristic of F by p. Fix a separable closure K 
of K and let F be the residue field of the integral closure of Ok in K, which is an algebraic 
closure of F. We denote by Gk (resp. Gp) the Galois group Gal{K/K) (resp. Gal(F/F)). 
We denote by Fr^ the geometric Frobenius element (the inverse of the gth power map) in Gp. 
The Weil group Wk of K is defined as the inverse image of the subgroup (Frg) C by the 
canonical map Gk — ^ Gp. For a G Wk, let n{a) be the integer such that the image of a in 
Gf is Fr^("). Put W+ = {aeWK\ n{a) > 0}. 

Put S = SpecOi^. For an S'-scheme X, we denote its special fiber, geometric special fiber, 
generic fiber, geometric generic fiber by Xp, X-p, Xk, X^ respectively. 
Let £ be a prime number distinct from p. 

(6.1.2) The main result in this section is the following theorem: 
Theorem 6.1.3 

Let X be a Hat arithmetic S-scheme with purely d-dimensional smooth generic fiber, and 
r C X X 5 X a closed subscheme with purely d-dimensional generic fiber. Assume that the 
composite T ^ — > X Xs X — h> X is proper. Then for any a G W^, the number 

2d 

Tr (r* o a,; h:{X^, R^Q,)) = ^^(-l)* Tr (P* o a,; Hi{X^, R^Qe)) 
lies in 1i[l/p] and is independent of i. 

(6.1.4) First we treat the case where X is strictly semistable over S. We need a slight 
generalization of the above theorem in this case: 

Lemma 6.1.5 [of. |SaH Lemma 3.2]) 

Let L be a finite quasi-Galois extension of K and put S' = SpecC^. We denote the 
residue field of L by E. Let X be a strictly semistable S'-scheme which is purely of relative 
dimension d. Take any a G W^. Fix an embedding K " — > L and extend a uniquely to an 
automorphism of L. We put X" = X Xo,^/a Ol- Let P C x^/ X be a closed subscheme 
with purely d-dimensional generic fiber satisfying that the composite P — > X"' x 5/ X — !-> X°" 
is proper. Then the number 

TT{roa.;H:{X^,R'iljQe)) 
lies in and is independent of I. 
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Proof. We denote the irreducible components of Xe by Di, . . . , Dm as usual. Then the 
irreducible components of X| are D^,..., D^. We define r"(") e CRd-sHD''^'^ x D^''>)nT) for 
each s as in ()5.5.2j) . Then by Theorem 15 . 5 . 31 we have the following map of spectral sequences: 



j>max{0,— s) 



g5(r"{''+2»))* 
TTt-2i ( r){s+2i) 



On the other hand, we have the map of spectral sequences induced by cr: 



IT* 



i>max{0,"S) 



t-2i I ri°'(s+2i) 



where a denotes the image of a in G^- Let cTgeom : D 



be the composition (f-f'^-^^^oa* 



/■"{o")c 



where ip denotes the absolute Frobenius morphism and / is the integer satisfying q = . This 
is a proper morphism over E. Since (p induces the identity map on etale cohomology, we have 
o"* = CTgeom- Therefore we obtain the endomorphism of a spectral sequence 



TTt-2i ( r){s+'^i) 
j>max(0,-s) -"c {-'-^^ ' 



i))^Ht\X^,R^Px 



El — 0i>max(O -s) -^c {D- 



r*oo-. 



Denote by r'"(^) e CRa-siiD^^'^ x n ((xgL x id)(r;g)) the image of r''^**) under the map 

CH,_,((D'^(^) X dW) n r) ^ CE,_s{{Df^ X n r^) 

CR,.,[{Df^ X z^f ) n X id)(r^)). 



(o-gJomXid), 



Then (r"'(^))* = (r"("))* o ^eom holds. Thus we have equalities 
Ti{roa,;H:{XE^ 



E E (-l)^Tr((r"(^+^^))*oa(:^^^)*;if:(D^ 

s i>max(0,— s) 

^ J2 (-l)'g"^"^*Tr((r"'(^+2i)^*.^*p|+2i) 



(s+2i) 



s i>max(0,— s) 
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By Theorem ITT^ the number Tr((r"'("))*; H*{D'^\Qe)) lies in Z[l/p] and is independent of 
i. Therefore Tr(r* o a,; H*{X-^, R^pQe)) hes in Z[l/p] and is independent of £. I 

(6.1.6) Next we reduce Theorem 16.1.31 to Lemma 16.1.51 by de Jong's alteration ( |d Jj ) . We 
may assume that X is connected. Since X is flat over S with smooth generic fiber, it is 
irreducible and reduced. Therefore by |dJl Theorem 6.5] and |SaTl Lemma 1.11], we have a 
finite quasi-Galois extension L of K, a. scheme Y which is strictly semistable over Ol, and a 
proper surjective generically finite S'-morphism /: Y — > X. Put S' = SpecC^, and denote 
the residue field of L by as in the proof of Lemma [6. 1.51 Let K' be the inseparable closure of 
K in L. Then we have a canonical isomorphism Hl{X^, Ripx'Qe) — Hli^i?, Ri^xQe), where 
X' = X ®Ok ^k'- Moreover, if we fix an embedding K " — > K', the isomorphism above is 
compatible with an isomorphism Wk' — — > ^k- Therefore by replacing K and X by K' and 

X' respectively, we may assume that the extension L/K is separable. 

We denote by Y' the scheme Y considered as an S'-scheme. Take any cr G W^. By Lemma 
I4.2.9| we have the commutative diagram below: 

HiiYj., R^Y'Qt) — Hi{Y^\ Ri^Y'^Qi) Hi{Y^, R^yQi) 



Hl{Xp, RiJxQe) KiXp, Ri^xQe) Hl{X^, R^xQe), 

where T' G Z^Hr x f)-\T)) is an element satisfying L^ = (/^ x /i,)'[r^] G CH,((/^ x 
/i^)~^(ri^)), as in Lemma [4.2.91 Together with Lemma f4.2.3^ we have 

Tr (r* o a,; Hl{Y-L, RiPy^Qi)) = deg / ■ Tr (F* o a,; Hl{X^, Ri^xQi)) 

as in the proof of jSaTt Lemma 3.3]. 

Let h: UreGa^L/i^) — ^ ^' S' be the morphism induced by the canonical map 
Ol ®Ok — ^ WreGaiiL/K) ^L- It is finite surjective and induces an isomorphism on generic 
fibers. Therefore we have an isomorphism W^{Y-^, R^yiQi) = ^^^^^^f^^^j^-^ Hl(Y-^, RipyrQi). 
Under this isomorphism, the map a* : Hl{Y-^, Ri/jyiQi) — > H^iY^, RtpY"^Qi) is identified with 
the direct sum of a, : Hi{Y-^, R^y-Qe) — > Hi{Y-§\ R^y.rQi). For r,T' G Ga\{L/K), let 

f;,, g z.iir X ry\T)) 

be an element such that (F!^^,)^ = F^|y^^y^', where F^ is the base change of F^ from K to 
L. By Lemma (4. 2.91 again, the (r, r')-component of the map 

K{Y-§\ Rijy.rQ,) ^ Hi{Y-^\Rijy.,Qe) 

T(^Ga\{L/K) T'£Ga\{L/K) 

induced by F'* : Hi{Y^ , R^y-Qi) — > HKY-^, R^y'Qi) is equal to 
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Therefore the number 

Tr(r* o a,; Hl{Xp, R^xQe)) = ^ ■ Tr (r'* o a,; HliY^, R^vQe)) 

hes in and is independent of £ by Lemma f6. 1.51 

By the same technique as in |SaTl p. 629], we can derive from the following lemma that 
the number Tr(r* o a,; H;{Xp, RipxQe)) is in Z[l/p]. Now the proof of Theorem l6T8l is 
complete. 

Lemma 6.1.7 

Let K be a Geld of characteristic 0. Let be distinct elements of K and Ci, . . . , 

non-zero integers. Put s^, = Yll=i ^-i^T ^ non-negative integer m. Assume that there exists 
an integer N > 1 such that Nsm G for every m > 0. Then Sm G ^or every m > 0. 

Proof. By |K11 Lemma 2.8], is integral over Z[l/p] for every i. Therefore every Sm is also 
integral over Z[l/p], while it is in Q. Since Z[l/p] is normal, we have Sm G Z[l/p\. I 

Remark 6.1.8 

The result of S. Bloch and H. Esnault [BE' implies that the alternating sum of the trace 
in Theorem 16 . 1 . 31 lies in Z {of. Remark l2.1.5p . For F = Ax (the diagonal of X), the integrality 
also follows from |M1 Theorem 4.2]. 

6.2. ^-independence for stalks of nearby cycles 

(6.2.1) In this subsection, we give some results on ^-independence for stalks of nearby cycles. 
All of them are immediate consequences of Theorem 16.1.31 

Theorem 6.2.2 

Let X be a flat arithmetic S-scheme with purely d-dimensional smooth generic fiber, and 
X e Xp an F -rational point. Choose a geometric point x lying over x. Then the Weil group 
Wk acts on the stalk {R'"ipxQt)x- For every a G W^, the number 

d 

Tr(a*; {R*iJxQih) = ^ll-l)' Tr (a,; (R'^xQih) 



is an integer which is independent of i 



Proof. Put U = X \ {x}. Then we have the following PF/^-equivariant exact sequence: 



uMe) 



Therefore we have the equality 

Tr((T,; iR*^xQih) = Tr(a,; H^iXj., RtPxQi)) - Tr(a,; H:{Uj^, RtPuQi))- 
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Since each term of the right hand side hes in TJyl/p] and is independent of £, so is the left hand 
side Tr(a,; {R*^|JxQlh) ■ 

The integrahty follows from Remark 16.1.81 (note that since we only use the case F = Ax, 
we do not need the result of S. Bloch and H. Esnault). I 

Corollary 6.2.3 

Let the notation be the same as in Theorem \6.2.2[ Then the integers 

d d 

dimQ,(i?>xQ^)x = $^(-l)MimQ,(i?VxQ^)ir, Sw(i?>xQ^)^ = $^(-l)*Sw(i?VxQ^)^ 

i=0 «=0 

are independent of i. Here Sw denotes the Swan conductor. 

Proof. These are immediate consequences of Theorem 16.2.21 (for the part of the Swan 
conductor, see \0c[ Corollary 2.6]). I 

Remark 6.2.4 

The above corollary gives a weak evidence of Deligne's conjecture on Milnor numbers 
( |SCA7-nl Expose XVI, Conjecture 1.9]). The statement of the conjecture is the following: 

Conjecture 6.2.5 

Let K^"^ be the maximal unramified extension of K and put 5''^'' = SpecO/^ur. Let X be 
a purely d-dimensional flat arithmetic S'^^'-scheme. Assume that X is regular and that the 
structure morphism X — > S^^ is smooth outside a unique closed point x G X-p. Put 

dimtotF,(i?>F,), = dimF,(i?*0F,), + Sw(i?*0F,)„ 

Then the equality 

dimtotF,(i?*0F^)^ = fxiX/S^'^x) 
holds. (The original conjecture allows a more general base trait. See |Urj .) 

This conjecture is solved in the cases below: 

• d = r |S(4A7-ll[ Expose XVI, Proposition 1.12]). 

• the point x is an ordinary double point ( |SGA7-lTl Expose XVI, Proposition 1.13]). 

• the characteristic of K is positive ( |S(tA7-IH Expose XVI, Theorem 2.4]). 

• d=l (HH Corollaire 0.9]). 

Moreover, F. Orgogozo proved that the conductor formula of Bloch implies the above conjec- 
ture ( |0r| Theoreme 0.8]). 
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Since 

dimtotF,(i?*(/)F,), = dimF,(i?*^F,), + Sw(i?>F,), - 1 
= dimQ^{R*ijQe), + Sw(i?*V'Q^)x - 1 

(the last equality follows from the universal coefficient theorem), from CoroUarv 16 . 2 . 31 we see 
that the left hand side of the equality in Conjecture 16.2.51 is independent of £, while the right 
hand side is obviously independent of £. 

6.3. ^-independence for open schemes over local fields 

(6.3.1) In this subsection, we consider an analogue of |SaT[ Theorem 0.1] for open schemes 
over local fields. 

Definition 6.3.2 

Let X be an arithmetic ^-scheme and H d X a, closed subscheme of X. We may write 
H = Hh U H', where H' is contained in the special fiber of X and Hh — > S is fiat. The pair 
(X, H) is called a strictly semistable pair if the following conditions hold (c/. [dJ, 6.3]): 

• X is strictly semistable over S. 

• if is a strict normal crossing divisor of X. 

• Let Hi {i G /) be the irreducible components of Hh. For each J G I, the scheme 
Hj = Hie J ^ union of schemes which are strictly semistable over S. 

Moreover if H is fiat over S (namely, H = H^), we call (X, H) a horizontal strictly semistable 
pair. For a strictly semistable pair (X, H), the pair (X, Hh) is a horizontal strictly semistable 
pair. 

Lemma 6.3.3 

Let (X, H) be a horizontal strictly semistable pair over S. Put U = X \ H and denote 
the canonical open immersion U ' — > X by j. Then the canonical morphism 

is an isomorphism. In particular, ifX is proper over S, we have an isomorphism Hl{U-p, RipuQg) = 

Proof. Since the problem is etale local, we may assume that 

X = Spec Ok[Ti, . . . , T„]/(T,+i ■ ■ ■ T, - vr), H = V{Ti--- T,) C X, 

where vr is a uniformizer of K {cf. 112, 1.5 (d)]). Put Xi = Spec OxlTr+i, . . . , T„]/ (Tr+i • • ■ T^ — 
tt). Then (X, if) = (A^ X5X1, Z x^Xi), where Z C is the divisor defined by Ti ■ ■ - T^ = 0. 
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By the Kiinneth formula for Rip ( |I1H Theoreme 4.7]), we may reduce the lemma to the case 
(X, H) = (A^, Z). This case is treated in jS(;A7-IH Expose XIII, Proposition 2.1.9]. I 

(6.3.4) The following proposition is an analogue of Lemma f6. 1.51 

Proposition 6.3.5 

Let L be a Gnite quasi-Galois extension of K and put S' = SpecO^. We denote the 
residue Geld of L by E. Let X be an arithmetic S' -scheme with purely d-dimensional generic 
fiber and assume that there exists a compactification X " — > X over S' such that {X, X \ X) 
is a strictly semistable pair over S'. Take any a G W^. Fix an embedding K " — > L and 
extend a uniquely to an automorphism of L. We put X'^ = X Xoi^ya Ol- Let T C x^/ X 
be a closed subscheme with purely d-dimensional generic fiber satisfying that the composite 
r — ^X'^ xs'X ^x'' is proper. Then the number 

Tr(r2oa.;ff:(Xj,Q,)) 
lies in Z[l/p] and is independent of i. 

Proof. By LemmaES^l HUXj:, Q,) ^ HUX^, Rt^xQe) and Hl{Xj-, Q,) = Hl{X^, Ripx^Qi) 
hold. Furthermore we can easily see that the map T\ : Hl{X^, Q^) — > if*(X-^, Q^) corresponds 
to the map T* : H'^{X^, Rtpx-Qi) — ' Hi{X^,RipxQi) (cf- Proposition KT^ . Thus the 
number 

Tr (r2 o a,; H:{Xj;, Q,)) = Tr(r* o a,; //^(X^, R^PxQi)) 
lies in Zi[l/p] and is independent of i by Lemma f6. 1.51 I 

(6.3.6) Let X be a scheme which is smooth and separated of finite type over K. Take a 
compactification X " — > Z over S. Namely, Z is a scheme which is proper and fiat over S, 
containing X as an open subscheme. Put Y = Z \ X . By de Jong's alteration ( |d,H Theorem 
6.5]), there exist a finite extension L of K, an arithmetic Oi-scheme W, a proper surjective 
generically finite S'-morphism /: W — > Z such that {W, f~^{Y)) is a strictly semistable pair 
over S' = SpecOi- Let H be the horizontal part f~^(Y)h of f~^(Y). Then {W,H) is a 
horizontal strictly semistable pair over S' such that {W \ H)k — > X is a proper surjective 
generically finite i^-morphism. 

By the lemma below, we can take L as a quasi-Galois extension of K. 

Lemma 6.3.7 

Let (X, H) be a horizontal strictly semistable pair over S. Let L be a finite extension of 
K and put S' = SpecC^- Then there exists a blow-up vr: X' — > X Xs S' whose center is 
contained in the special fiber such that [X' ,7t^^{H)) is a horizontal strictly semistable pair 
over S'. 

Proof. We may take the same blow-up as in |SaT| Lemma 1.11]. I 
Theorem 6.3.8 
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Let X be a purely d-dimensional scheme which is smooth and separated of finite type 
over K, and F C X x X a purely d-dimensional closed subscheme such that the composite 
r = — > X X X — ^> X is proper. Let Z, L, (W, H), f : W — > Z be as in \6.3.b]) (we take L as a 

quasi-Galois extension of K). Put U = W\H and write g: Ul — > X for the restriction of f. 
Assume that the composite {g x g)~^{r) ' — > U Xs' U U is proper ((g x g)~^(T) denotes 

the closure of {g x g)~^{T) C Ul x Ul in U Xs' U). Then for any a G W^, the number 

2d 

Tr (r o a,; H:{Xt^, Q,)) = ^^(-1)^ Tr (P o a,; i7^(X^, Q,)) 
lies in and is independent of I. 

Proof. As in flf).l.f)|l . we may assume that the extension L/K is separable. Put V = Ul- We 

denote by V the scheme V considered as a scheme over K. We have V[ = Y[reGa.i{L/K) '^'^ ■ 
Take any a eW^ and put F' = (c/'^ x ^)'[r] G CHd((c/" x gY^iV)). For r, r' G Ga\{L/K), put 
F!^^, = '^'lW-^y.v^' 1 where F'^ is the base change of F' from K to L. As in ()6.1.6|) . we have the 
equality 

Tr(F*oa.;i/:(X^,Q,)) = ^ ^ Tr(F- o a,; Q,)). 

By the assumption, for each r, r' G Gal(L/i^), there exists a cycle F^^, G Zd{U'^ Xg/ 1/"^') such 
that (F^.^,)^, = F!^,^, and the composite \T'^y \ " — ^ U'^ Xs' U'^' — ^> U'' is proper. Therefore we 
may reduce our theorem to Proposition 16 . 3 . 51 I 

7. independence for rigid spaces 

Let the notation be the same as in the previous section. We consider rigid spaces over a 
complete discrete valuation field K as adic spaces locally of finite type over Spa(i^, Ok) {cf. 
|Hulp . We denote a scheme by an ordinary italic letter such as X, a formal scheme by a 
calligraphic letter such as X, and a rigid space by a sans serif letter such as X. For a scheme 
X over S = Spec Ok, we denote the completion of X along its special fiber by X^. For a 
formal scheme X over Spf Ok, we write A*"^ for its Raynaud generic fiber. It is the analytic 
adic space d{X) in |Hu21 1.9]. 

7.1. Smooth case 

(7.1.1) In this subsection, we prove our main theorem for smooth rigid spaces. We derive the 
following consequence from the result in the previous section. 

Corollary 7.1.2 

Let X be an arithmetic S-scheme with smooth generic fiber and X the rigid space (X^)"^. 
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Then for every a G Wj^, the number 

2dimX 

Tr(a.;i/:(X^,Q,)) = ^ (-1)^ Tr (a.; ff^(X^, Q,)) 
is an integer which is independent of i. 

Proof. We may assume that X is connected and flat over 5*. We have a l^/^-equivariant 
isomorphism H'^{X-j^,Qe) = Hl{Xp, R^pxQe) (|Hu2l Theorem 5.7.6]). Applying Theorem IFTO 

Ax I 

to r = X " — > X Xg X, we see that for every a G Wj^ the number 

Tr(a,;/f:(X^,Q,)) = TT{a,; H:{Xp, RtfjxQe)) 

lies in Z[l/p] and is independent of i. On the other hand, we know that every eigenvalue of 
the action of a G on if*(X;f^, Q^) is an algebraic integer (jMl Theorem 4.2]). Therefore 
the rational number Tr(cr*; H*{X-i^, Q^)) is an algebraic integer, i.e., an integer. I 

Definition 7.1.3 

A formal scheme X of finite type over Ok is said to be of type (SA ) (smoothly algebraiz- 
able) if there exists an arithmetic S'-scheme X with smooth generic fiber such that X = X^. 
A rigid space X over K is said to be of type (SA) if there exists a formal scheme X of type 
(SA) over Ok such that X = X''^. 

Lemma 7.1.4 

Let X be an arithmetic S-scheme with smooth generic fiber. Then the following hold: 
i) Every admissible blow-up of X^ is of type (SA). 
a) Every open formal subscheme of X^ is of type (SA). 

Proof. 

i) Take a uniformizer vr of K. Let X be an open ideal of • Since the topology of Ox^ is 
the TT-adic topology and X^ is noetherian, there exists an integer n satisfying n^'Ox^ C I. 
Denote by T' the unique ideal of Ox containing n^'Ox such that X/vr^Ox^ = X'/vr^Cx- 
It is clear that X'Ox^ coincides with X. Then the admissible blow-up of X^ by X is 
equal to the vr-adic completion of the scheme X' obtained by the blow-up of X by X'. 
The generic fiber of X' is obviously smooth. 

ii) We can identify the underlying topological space of with that of Xp. Let U be an 
open formal subscheme of X^. Then, U = X \ {Xp \U) is an arithmetic open subscheme 
of X satisfying Up =U as topological spaces. Then the generic fiber of U is smooth and 
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I 

Corollary 7.1.5 

Let X = be a rigid space of type (SA) over K. Then every quasi-compact open 

subspace U of X is of type (SA). 

Proof. Since U is quasi-compact, there exist an admissible blow-up y — > and an open 
formal subscheme U G y such that U = ( |BH Lemma 4.4]). By Lemma 17.1.41 y and U 
are of type (SA). This completes the proof. I 

Theorem 7.1.6 

Let X be a quasi-compact separated rigid space which is smooth over K. Then for every 
a G W^, the number 

Tr(a,;i/:(X^,Q,)) 
is an integer which is independent of I. 

Proof. By jM) Corollary 2.5], there exists a finite open covering {Uj}i<j<m of X consisting 
of rigid spaces of type (SA). Corollarv 17. 1.51 ensures that each intersection Uj^ fl ■ ■ ■ fl Ui„ is of 
type (SA). Thus by Corollarv 17. 1.2[ for every a G W^, the number 

Tr(a,;/f:((u,,n---nu,J^,Q,)) 

is an integer which is independent of ^. On the other hand, we have the spectral sequence 
below: 

EV' = n ■ ■ ■ n u,J^, Q,) =^ i/-^+*(x^, Q,). 

l<ii<---<is<m 

Therefore the number 

m 

Tr(a.;ff:(X^,Q,)) =^(-1)^ ^ Tr (a,; ^^^((U,, n ■ ■ ■ n U,J^, Q,)) 

s=l l<ii<---<is<m 

is also an integer which is independent of £. I 

(7.1.7) From now on we consider ordinary cohomology. First we establish the analogous result 
as in (Ml Theorem 4.2]. 

Theorem 7.1.8 

Let X be a quasi-compact separated rigid space which is smooth over K. Then for every 
a G W^, every eigenvalue a G of its action on W^(Xj^, Qi) is an algebraic integer. Moreover, 
there exists a non-negative integer m such that for any isomorphism l: C, the absolute 

value |t(a)| is equal to g"('^)-™-/2^ 

Proof. We may assume that X is connected. Put d = dimX. By the Poincare duality ( |Hu2| 
Corollary 7.5.6]), every eigenvalue a of a^, on H'-(Xj^,Qe) is of the form q^'^"^''^ / (3, where (3 is 
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an eigenvalue of a* on H'l'^ ^{^'ki'Q.i)- Therefore a is an algebraic number and there exists 
an integer m such that for any isomorphism l: C, the absolute value is equal to 

^n((T)-r?i/2 

Thus we have only to show that a is an algebraic integer. By the same method as in (Ml 
§4], we can reduce the theorem to the case X = (X^)"^, where X is strictly semistable scheme 
over S. Furthermore by using an analogue of weight spectral sequence, we may reduce the 
claim to the lemma below (c/. IMj proof of Proposition 4.7]). I 

Lemma 7.1.9 

Let X be a scheme separated of finite type over Wg. Tlien every eigenvalue of the action of 
Fig on if*(Xp , Qf) is an algebraic integer (here Fig G Gal(Fg/Fq) is the geometric Frobenius 
element ) . 

Proof. We may assume that X is irreducible. By de Jong's alteration |dJj . we may assume 
that there exist a proper smooth scheme X and a strict normal crossing divisor D of X such 
that X = X \ D. Let Di, . . . , be the irreducible components of D. Put Dj = Hie/ ^"-"^ 
/ C {1, . . . , m} (Dj = X for / = 0) and D^'^^ = IJ/c{i m} #i=k ^i- -^^ spectral sequence 

the eigenvalue a occurs as an eig envalue of Fr^f,,) on H'^-^{D^^\ Qi{-k)) for some n, fc. Since 
Dik) is proper smooth over F^, jPel CoroUaire 3.3.3] ensures that a is integral over Z. I 

Theorem 7.1.10 

Let X be a quasi-compact separated rigid space which is smooth over K. Then for every 
a G W^, the number 

2dimX 

Tr((7,;/f*(X5^,Q,)) = ^ (-1)^ Tr (a,; i7^(X^, Q,)) 
is an integer which is independent of i. 

Proof. By Theorem 17.1.81 it is sufficient to show that the number Tr (a*; if *(X;^, Q^)) is 
a rational number which is independent of i. We may assume that X is connected. Put 
d = dimX. Let a^^j^i, . . . , be the eigenvalues of cr^, on ii*(X-^, Q^). Then by the Poincare 

duality, the eigenvalues of a* on ii^'^~*(X-^, Q^) are (?"*-°"''''^a7j^i5 • • • ^ Q^^'^^'^otelmi- Therefore it 
is sufficient to prove that the number ^^=o™^ is a rational number which is 

independent of L For every non-negative integer k, by applying Theorem l7.1.6l to a'' G W^, we 
can see that the number Yl'i=o^^ '^Jlii~^y^i,i,j ^ rational number which is independent of 
i. As in the proof of Lemma C^. 1.41 we may conclude that the number Yl'i=o^^ 
is a rational number which is independent of i. I 
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7.2. General case 

(7.2.1) In this subsection, we prove our main theorem for general rigid spaces over local fields 
of characteristic 0. We need the following continuity theorem of R. Huber, which is stronger 
than jHu4| Proposition 2.1 (iv)] (c/. jM] Theorem 5.3]). 



Theorem 7.2.2 

Assume that the characteristic of K is equal to 0. Let X be a quasi-compact separated 
rigid space over K and Z a closed analytic subspace of X. Write U for X\Z. Then for every pair 
of prime numbers i, i' which do not divide q, there exists a quasi-compact open subspace U' of 
U such that the canonical maps if^(U^, Z^) — > Hi{\J-f^, Ze) and Hi{\JL^, Z^) — > Hl{\Jj^, Z^/) 
are isomorphisms for every i. 

Proof. This is due to |Hu4| (II) in the proof of Theorem 3.3]. We briefly recall the argument 
there. By |Hu3l Corollary 2.7], there exists Eq > such that for every < e < Eq the canonical 
map iJ*(U(£:)j^, Z/£Z) — > i7*(Uj^, Z/£Z) is an isomorphism. Here we write i}{e) for P{e) in 
|Hu3| 2.6]. By the long exact sequence of cohomology groups derived from the short exact 
sequence of sheaves 

— >z/ez^ z/r+^z — > z/rz — > o, 

we see inductively that the canonical map if*(U(e);^, Z/£"Z) — > i7*(U-^, Z/^^Z) is an iso- 
morphism for every < e < sq and n. In the same way, there exists ei > such that for 
every < e < and n the canonical map if*(U(e)7^, Z/f Z) — > if*(U7^, Z/f"Z) is an iso- 
morphism. Put 62 = mm{eo,ei} and U' = U(£2)- Then U' is quasi-compact and both of the 
canonical maps 

Hi{\j^, z/rz) — > Hii^T^, z/rz), i/^(u^, z/£'"z) — > Hi{\}-^, z/rz) 

are isomorphisms. 

On the other hand we have the canonical isomorphisms 



iimif^(u^, z/rz) = if:(u^, z^), iimi7^(U:^, z/rz) = Hi{\}-i^, Z 



n 

limi7^(U^, Z/f"Z) ^ i/:(U^, Ze). lm^c(UF, Z/f"Z) ^ Hl{\J^, Z^,) 

n n 

i |Hu4[ Theorem 3.1 and Theorem 3.3]). Therefore the canonical homomorphisms 

i/:(U^, Z,) i7:(U^, Z,), Hl{\}'-^, Z,0 i^:(U^, Z,0 
are isomorphisms. I 

Theorem 7.2.3 

Assume that the characteristic of K is equal to 0. Let X be a quasi-compact separated 
rigid space over K. Then for every a G the number 

2dimX 

Tr(a,;/J:(X5^,Q,)) = ^ (-1)* Tr (a,; i7:(X^, Q,)) 

i=0 
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is an integer which is independent of i. 

Proof. Let i and i' be prime numbers which do not divide q and a G W^. We prove by 
induction on dimX that the numbers 

Tr (a,; H:{X-j^, Q,)) , Tr (a,; H:{X-j^, Q,,)) 

are integers and are equal. We may assume that X is reduced. Let Z be the singular locus 
of X. It is a closed analytic subspace whose dimension is strictly less than dimX. Thus we 
have only to show our claim on i7*(Uj^, Q^) and if*(U;^, Q^'), where U = X \ Z. Take an open 
subspace U' C U as in Theorem 17.2.21 Then we have the isomorphisms 

by Theorem 17.2.21 Therefore by Theorem 17. 1 .61 the numbers 

Tr (a,; H:{[Jt^, Q,)), Tr(a,; i/:(Uy, Qe)) 
are integers and are equal. This completes the proof. I 
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